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Abstract 

We give a formula computing the number of one-nodal rational curves that pass through an 
appropriate collection of constraints in a complex projective space. We combine the methods 
and results from three different papers. 
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1 Introduction 

Enumerative algebraic geometry is a field of mathematics that dates back to the nineteenth century. 
However, many of its most fundamental problems remained unsolved until the early 1990s. For 
example, let d be a positive integer and /i = {^ii, . . . , /j-n) an A^-tuple of linear subspaces of of 
codimension at least two such that 

l=N 

codimc^ = codimc^i — N = d{n + 1) + n — 3. 

1=1 
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If the constraints // are in general position, denote by nd{n) the number of rational degree-d curves 
that pass through /ii, . . . ,fJ-N- This number is finite and depends only on the homology classes 
of the constraints. If d= 1, it can be computed using Schubert calculus; see [|GH|]. All but very- 



low-degree numbers nfi{n) remained unknown until [KM] and |RT] derived a recursive formula for 
these numbers. In this paper, we prove 

Theorem 1.1 Suppose n>3, d>l, and fi = (//i, . . . ,hn) is an N -tuple of proper subvarieties 
of F" in general position such that 



l=N 



codimcfj. = codimcfJ-i — N = d{n -|- 1) — 1. 



(1.1) 



1=1 



Then the number of degree-d rational curves that have a simple node and pass through the con- 
straints II is given by 

= ^(-^^i.'i('"i;^2, • • • , Hn) - C Ri{n)) , where 



2k<n+l 



n+l-2k 



k=l 



1=0 



n-\-l 



{a'-r]n+i-2k-l, [Vfc(/i)] ). 



The symplectic invariant RTi ,i{-', ■) and the top intersections (^a^rj^^ 
via algorithms described elsewhere. 



l-2k-l 



[Vfc(/i)]) are computable 



n 


3 


4 


5 


5 


6 


d 


4 


4 


4 


6 


6 




(5,5) 


(5,1,4) 


(5,1,0,4) 


(2,1,1,7) 


(2,1,1,1,6) 




1,800 


1,800 


1,800 


20,340 


20,340 



For the purposes of this table, we assume that the constraints /ii, . . . , /Uat are linear subspaces of P"' 
of codimension at least two. We describe such a tuple of constraints by listing the number of 
linear subspaces of codimension 2, . . . , n among fii, . . . , fJ-N- 



In the statement of Theorem 1.1, RTi ,i(-; •) denotes the genus-one degree-d symplectic invariant 



of P" defined in [RT]]. This invariant can be expressed in terms of the numbers nrf(-); see [RT|. In 



particular, it is computable. Brief remarks concerning the meaning of RTi ,i(-; •) can be found at 
the beginning of Section ^ 

The compact oriented topological manifold Vfc(/i) consists of unordered A:-tuples of stable rational 
maps of total degree d. Each map comes with a special marked point ooj. All these marked points 
are mapped to the same point in P". In particular, there is a well-defined evaluation map 

ev:Vfc(/.) ^P", 

which sends each tuple of stable maps to the value at one of the special marked points. We also 
require that the union of the images of the maps in each tuple intersect each of the constraints 
/ii, . . . , fJ-N- 111 fact, the elements in the tuple carry a total of marked points, yi, ■ ■ ■ , ^at, in 
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addition to the k special marked points. These marked points are mapped to the constraints 
fii,. ■ ■ -iHNi respectively. Roughly speaking, each element of Vk{l^) corresponds to a degree-d ra- 
tional curve in P", which has at least k irreducible components, and k of the components meet at 
the same point in 



The precise definition of the spaces V/fc(/i) can be found in Subsection 2.2 



The cohomology classes a and rji are tautological classes in Vkip)- In fact, 

a = ev*ci(0(lpn)). 

Let V'f^{ii) be the oriented topological manifold defined as Vjt(/i), except without specifying the 
marked points yi, ■ ■ ■ ,yN mapped to the constraints /ii, . . . ,ij,n- Then, there is well-defined for- 
getful map, 

7r:Vfc(A.)^V^(/i), 

which drops the marked points yi, ■ ■ ■ , yN and contracts the unstable components. The cohomology 
class ?7; € i?^'(VA;(/i)) is the sum of all degree-/ monomials in the elements of the set 

{7r>Q^,...,7r>Qjci?2(Vfe(/i)). 

As common in algebraic geometry, denotes the first chern class of the universal cotangent line 
bundle for the marked point Oj gV^(;u). In Subsection we give a definition of r]i that does not 
involve the projection map vr. An algorithm for computing the intersection numbers involved in the 



statement of Theorem LI is given in Subsection 5.7 of [Z2|. It is closely related to the algorithm 



of |P2| for computing intersections of tautological classes in moduli spaces of stable rational maps 
into P''. 



Ifn: 



: 2, we denote by n^^^ (^) the number of rational degree-d curves passing through the constraints 



counted with a choice of the node on each curve. The formula of Theorem gives 



d-l 



nd{lj)- 



(1.2) 



This identity is clear, since the arithmetic genus of every degree-d curve in P2 is C^-^). Equa- 
tion (L2) is used in |P1] to count genus-one plane curves with complex structure fixed. More 
precisely, if // is a tuple of constraints in P" satisfying condition (LI), let rei,d(/i) denote the num- 
ber of genus-one degree-d curves that pass through the constraints and have a fixed generic 
complex structure on the normalization, i.e. its j-invariant is different from and 1728. The key 
step in [pl[| is to show that 



n 



(1) 



(1.3) 



if /i is a tuple of 3d — 1 points in 



One of the main ingredients in proving Theorem |l.l| is 
]) is valid for any tuple /x that satisfies condition ( p,.lD . Note 

Jl.3|) and facts of classical algebraic 

lies in 



Proposition 4.1, which states that (y 

that the numbers listed in the above table are consistent with 

geometry. In particular, the image of every degree-4 map from a genus-one curve to 
a P^ and the image of every degree-6 map lies in a P^; see [ ACGH , pi 16]. Thus, the first three 
numbers in the table should be the same, and the last two numbers should be the same. The 



proof of Proposition 4.1 extends the degeneration argument of |P1| and builds up on modifications 
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described in UZ1| . We work with the moduh space 5Jti^Ar(P", d) of stable degree-d maps from genus- 
one A'^-pointed curves into P" and study what happens in the hmit to the maps that pass through 
the constraints fi as the j-invariant of the domain tends infinity, i.e. the domain degenerates to a 
rational curve with two points identified. 



Proposition LI is not useful for determining the numbers ni^rf(^) in P" if n > 3, since the right-hand 
side of ( |1.3D is unknown. Computation of ni^d{p) for all projective spaces is the subject of [|], where 
an entirely different approach is taken. The main step in computing these numbers is showing that 

2n'p{^i) = RTi_d(^i;/U2,... ,/XAr) - CRi{fi), 

where Ci?i(//) is the number of zeros of an explicit affine map between vector bundles over V((//); 
see Proposition \i.2[ The remaining step is to express this number of zeros topologically. In general, 
if the linear part of an affine map ip does not vanish, it is easy to determine the signed cardinality 
of 'ip~^{0); see Lemma |2.5| . The approach of [|| is to replace the linear part a of the affine part 
under consideration by a nonvanishing linear map over a space obtained from V((/u) by sequence 
of blowups and then to express the resulting intersection number in terms of intersection numbers 
on the spaces V'^(Ai). The main problem with this approach is that the new linear map is not 
described in and it is not clear how to construct it in general. In addition, the normal bundles 
of certain spaces needed for the second part of this approach are given incorrectly; see Lemma 2.8 
or equation (2.27) in ^ for example. Both of these statements can be corrected without affecting 
the computability of the intersection numbers, but presumably with a change in the final result. 
If n = 2, no blowup is needed. If n = 3,4, the zero set of a is a complex manifold and the "deriva- 
tive" of Q in the normal direction along q~^(0) is nondegenerate. In such cases, only one blowup is 
needed and a linear map with the required properties can be constructed fairly easily. Furthermore, 
Lemma 2.8 of [|] requires no correction in the n = 2,3,4 cases, while equation (2.27) is never used. 
If n = 2,3, CRi{fi) and rii^aif^) are then expressed in terms of the numbers n^'ifJ,'), with d! <d and 
/i' related to ^i. Several numbers ni^a{fi) for P'^ are given in |Q as well. However, no topological 
formula, like that of Theorem LI, is given for CRi{p) or ni^d[^) for P" with n>4 and no number 
ni (i{jj) is given for P" with n>5. 



We obtain the expression of Theorem 1.1 for the number CRi{fi) in Section see Proposition 3.1. 
Our approach involves no blowups and requires relatively little understanding of the global struc- 
ture of the spaces Vfe(/i). Instead we describe CRi{fi) as the euler class of a bundle minus the sum 
of contributions to the euler class from smooth, but usually noncompact, strata of the zero set of 
the linear part ai^o of the affine map. Computation of these contributions in good cases involves 
counting the zeros of affine maps again, but with the rank of the target bundle reduced by one; see 
Subsection 2.1, Of course, if we are to have any hope of computing these contributions, we need 



to understand the behavior of ai^o near the smooth strata of its zero set. Proposition 2.7 describes 
the behavior of ai^o and of related linear maps near the boundary strata of Vfc(/u). 



Theorem 1.1 follows immediately from Propositions 3.1 and 4.1, Their proofs are mutually inde- 



pendent. Section ^ uses some of the notation defined in Subsection 2^. The topological tools of 
Subsection 2T, the descriptive notation of Subsection 2^, and the structure theorem of Subsec- 
tion 2.3 are integral to the computations of Section |^. 
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In brief, we enumerate one-nodal rational curves from genus-one fixed-complex-structure invariants. 
Can a similar approach be used with higher-genera enumerative invariants? Let ^ be an A^-tuple 
of proper subvarieties of P"' in general position such that 



codimc^ = d{n + 1) 



n. 



Denote by ra2,rf(/u) the number of genus-two degree-d curves that pass through the constraints /i 
and have a fixed generic complex structure on the normalization. Let (fi), Tdi^), and T(i{^) 
denote the number of rational two-component curves connected at three nodes, of rational curves 
with a triple point, and of rational curves with a tacnode, respectively. If n = 2, we take rv^ {^) 
to be the number of two-component rational curves with a choice of three nodes common to both 
components. In all cases, the curves have degree-d and pass through the constraints ^. Completing 
the degeneration argument of p<QR |, it is shown in |Z1] that 



(1.4) 



if /i is a tuple of 3d — 2 points in P^. The arguments of | KQR| and |Z1| should extend to show 



that equation (L4) is valid for arbitrary constraints in all projective spaces. On the other hand, 
^2,cz(m) foi^ is computed in [ ^2| and the method extends at least to P'*. Thus, in those two cases, 

(3) 

we should be able to express the sum of the numbers '^difJ-), and T(i{fJ.) in terms of inter- 



section numbers of the spaces Vfc(//). The relation (1^) is obtained by considering a degeneration 
to a specific singular genus-two curve. Perhaps, different relations can be obtained by considering 
degeneration to other singular genus-two curves. With enough different relations, we would be able 
to compute the numbers n~^\^), T^dj-), and T^ifJ,) at least for P^ and P^. 



The author thanks T. Mrowka for many useful discussions and E. lonel for comments on the original 
version of this paper. 



2 Background 
2.1 Topology 

We begin by describing the topological tools used in the next section. In particular, we review the 
notion of contribution to the euler class of a vector bundle from a (not necessarily closed) subset of 
the zero set of a section. We also recall how one can enumerate the zeros of an affine map between 



vector bundles. These concepts are closely intertwined. Details can be found in Section 3 of |Z2| 



Throughout this paper, all vector bundles are assumed to be complex and normed. If F — >Ai is 
a smooth vector bundle, closed subset y of F is small if it contains no fiber of F and is preserved 
under scalar multiplication. If 2 is a compact oriented zero-dimensional manifold, we denote the 
signed cardinality of ^ by ^|^|. If A; is an integer, we write [k] for the set of positive integers not 
exceeding k. 

Definition 2.1 Suppose F,0 — >A4 are smooth vector bundles. 

i=k 

(1) If F=@Fi and d= {di, . . . ,dk) is a k-tuple of positive integers, bundle map a: F — >0 is a 
1=1 
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polynomial of degree d if for each iG [A;] there exists 

i=k i=k 

neT{M;F*®''^®0) forie[k] s.t. a{v) = Y,Pi{^t') = (vi^m ^ ® 

i=l 1=1 

(2) If a: F — >0 is a polynomial, the rank of a is the number 

rk a = max{rkf,a: b£A4}, where rki,a = dime [im ah)- 

Polynomial a : F — > O is of constant rank if rk^a = rk a for all b M; a is nondegenerate if 
rkhOi = rk F for all b£A4. 

(3) If Vt is an open subset of F and (p: — >0 is a smooth bundle map, bundle map a: F — >0 
is a dominant term of (j) if there exists £^C^{F;M) such that 

\(f){v) — a{v)\ < £{v)\a{v)\ Vu€il and lim e{v) = Q. 

V — >0 

Dominant term a : F — > O of (p is the resolvent of (p if a is a polynomial of constant rank. 

(4) 4> : — > O is hollow if there exist dominant term a of (j) and splittings F = F~ © F^ and 
O = ® such that C , = ir^ o (a\F~) is a constant-rank polynomial, where 
iT~ : O — >0~ is the projection map, and {rk Q!^ + ^ dim A4) < rk . 

The base spaces we work with in the next two sections are closely related to spaces of rational 
maps into P" of total degree d that pass through the constraints Hi, ■ ■ ■ , fJ-N- From the algebraic 
geometry point of view, spaces of rational maps are algebraic stacks, but with a fairly obscure local 
structure. We view these spaces as mostly smooth, or ms-, manifolds: compact oriented topological 
manifolds stratified by smooth manifolds, such that the boundary strata have (real) codimension at 
least two. Subsection |2.3| gives explicit descriptions of neighborhoods of boundary strata and of the 
behavior of certain bundle sections near such strata. We call the main stratum M of ms-manifold 
A4 the smooth base of 7W. Definition 3.7 in [Z^ also introduces the natural notions of ms-maps 
between ms-manifolds, ms-bundles over ms-manifolds, and ms-sections of ms-bundles. 

Definition 2.2 Let M. = M.n U [JIZq A^i = A4 U {J^Iq Mi be an ms-manifold of dimension n. 

(1) If ZcMi is a smooth oriented submanifold, a normal-bundle model for Z is a tuple {F,Y,-d), 
where 

(la) F — >Z is a smooth vector bundle and Y is a small subset of F; 

(lb) for some 5 (zC°°{Z;M'^), i): Fs — {Y — Z) — >A4 is a continuous map such that 

(Ib-i) Fs — {Y — Z) — >A4 is a homeomorphism onto an open neighborhood of Z in AiL) Z; 

(Ib-ii) 'd\z is the identity map, and'd: Fg—Y—Z — >^A is an orientation-preserving diffeomorphism 

on an open subset of M. 

(2) A closure of normal-bundle model {F,Y,'d) for Z is a tuple {Z,F,tt), where 
(2a) Z is an ms-manifold with smooth base Z; 

(2b) it: Z — >A4 is an ms-map such that ■k\z is the identity; 
(2c) F — >Z is an ms-bundle such that F\z = F. 

We use a normal-bundle model for Z to describe the behavior of bundle sections over M near Z. 
In particular, \i a: E — > O is an ms-polynomial, we call Z an a-regular subset of M if for some 
normal-bundle model (-F, y, ??) for Z, ■d*a can be approximated, by a constant-rank polynomial 
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p: F(BE — >0; see Definition 3.9 in |Z2|. Polynomial a: E — >0 is regular if M can be decomposed 
into finitely many Q-regular subsets. If vkE+^ dimA^ = rkO, for a generic z/Gr(A^; O), the zero 
set of the polynomial map 

'>pa,u--E — >0, Vq.pC^) = t'w + a(i;), 
is a zero-dimensional oriented submanifold of E\M.. By Lemma 3.10 in [22|, if a is a regular 



polynomial, i^alui^) is a finite set for a generic choice of and A^(q:) =^ |'0ci,p(O)| is independent 
of such a choice of u. 

As described below, counting the zeros of ipa,v involves determining the contribution C^(s) to 
the euler class of a bundle V from a subset Z of the zero set of a section s of V . In the cases we 
encounter in Section ^, Z decomposes into disjoint, and usually non-compact, complex manifolds Zi 
near which the behavior of s can be understood. Then C^is) = ^^Cziis), where Cz-{s) is the 
s- contribution of Zi to e{V). This is the signed number of elements of {s + z^}~^(0) that lie very 
close to Zi, where v G T{A4; V) is a small generic perturbation of s. The manifolds Z^ we encounter 
fall in one of the two categories described below. 

Definition 2.3 Suppose Ai is an ms-manifold of dimension 2n, V — > A4 is an ms-bundle of 
rankn, seT{M;V), and Zcs^^{0). 

(1) Z is s-hoUow if there exist a normal-bundle model (F, 1", -i?) for Z and a bundle isomorphism 
'ffv- '&*^ — ^''^pV, covering the identity on F^ — iY — Z), such that 

(la) '&v\fs-Y-z is smooth and 'Qv\z is the identity; 
(lb) the map (p = 'dy o'&*s: Fs-(Y-Z) — >V is hollow. 

(2) Z is s-regular if there exist a normal-bundle model {F,Y,'&) for Z with closure {Z,F,Tr), 
regular polynomial a : F — > ir*V , and a bundle isomorphism iDy ■ — ^ T^py covering the 
identity on Fs — {Y — Z), such that 

(2a) '&v\fs-Y-z is smooth and '&v\z is the identity; 

(2b) a\z is nondegenerate and is the resolvent for (l) = 'dvod* s : Fs—{Y—Z) — >V, andY is preserved 
under scalar multiplication in each of the components of F for the splitting corresponding to a as 



in (1) of Definition 2.1. 



Proposition 2.4 Let V — >A4 be an ms-bundle of rank n over an ms-manifold of dimension 2n. 
Suppose lA is an open subset of M and s^T{M.]V) is such that s\ii is transversal to the zero set. 

(1) Ifs-^{0)nU is a finite set, ^\s-'^{0)nU\ = {e{V),[M]) -C_m_u{s). 

_ i=k 

(2) If M. —lA = \_\ Zi, where each Zi is s-regular or s-hollow, then s^^(O) CiU is finite, and 

1=1 

i=k 

±|s-i(0) nZ^I = (e(y), [M]) - CM-ui-^) = {e{V), [M]) -J^CzM- 

i=l 

If Zi is s-hollow, Czi{s)=0. If Zi is s-regular and Ui'. Fi — >V is the corresponding polynomial, 

Cz^s) =^\{v(^F,:v^+ai{v) = Q}\ = N{a,), 

where iy &T(Zi;V) is a generic section. Finally, if ai (zT{Zi; F*^^ ^tt*V) has constant rank over Zi 
and factors through a k-to-1 cover pi'. Fi — >F®^, 

CzAs) = k{e{7,*V/a,{Fi)),[Z^,). 
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This is Corollary 3.13 in [Z2|. Proposition 2.4 reduces the problem of computing Cz^is) for an 
s-regular manifold Zi to counting the zeros of a polynomial map between two vector bundles. The 
general setting for the latter problem is the following. Suppose E, O — > M are ms-bundles such 
that rk dimA^ = rk O, and a: E — >0 is a regular polynomial. Let PGr(A4; O) be such that 
the map 

il)a^i, = h'+a: E — >0 

is transversal to the zero set in O on E\JV[^ and all its zeros are contained in E\M. Then 
N{a)=^ IV'aUo)! depends only on a. If the rank of E is zero, then clearly 

=±1^-1 (0)1 = (e(0), 

If the rank of E is positive and v is generic, it does not vanish and thus determines a trivial line 
subbundle CP of O. Let = O /Cv and denote by the composition of a with the quotient 
projection map. If is a line bundle and a is linear, 



By Proposition 2.4, computation of C„-i(o)(a ) again involves counting the zeros of polynomial 
maps, but with the rank of the new target bundle, i.e. E*®0'^^ one less than the rank of the 
original one, i.e. O. Subsection 3.3 in p2| reduces the problem of determining N{a) in all other 
cases to the case is a line bundle and a is linear. Thus, at least in reasonably good cases, N{a) 
can be determined after a finite number of steps. 



The next lemma summarizes the results of Subsection 3.3 in [Z2] in the case the original map 
a: E — >0 is linear. This case suffices for our purposes. We denote by 

a' G r(PE;Hom(7s,7r^O)) 

the section induced by a. Let \e = ci{'^*^). 

Lemma 2.5 Suppose A4 is an ms-manifold and E,0 — > M. are ms-bundles such that 

rk E + 1- dim M = rk O. 

If a^T{A4; E* f^O) and i>&T{A4;0) are such that a is regular, v has no zeros, the map 

tpa,u = i^+a: E — >0 

is transversal to the zero set on E\Ai, and all its zeros are contained in E\M., then V'ap(O) o, 
finite set, ^|V'ap(0)| depends only on a, and 

N{») =^1^-^,1(0)1 = {c{0)c{E)-\ [>f)]> -C„,-i(o)(a'^). 
Furthermore, if n = rkE, 

k=n 

Xl + ^Ck{E)Xl-'' = OeH^''{¥E)and (/xA^'S [PE]> = (/., [>[]> V/iGi/2™-2"(>(). (2.1) 

k=l 
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2.2 Notation 



In this subsection, we describe the most important notation used in this paper. Some of the nota- 
tion is only sketched; see Section 2 in [Z3| for more details. 

If Ii and I2 are two sets, denote the disjoint union of Ii and I2 by I1+I2. We set 

00 = (0,0,-1) G 5^ C and 600 = (1, 0, 0) S Too^^. 

Let qN : C — > 5*^ C be the stereographic projection mapping the origin in C to the north pole. 
We identify C with S^ — {00} via the map qn- 

Definition 2.6 A finite partially ordered set I is a linearly ordered set if for all ii,i2,h(zl such 
that ii,i2<h, either ii< 12 or i2<ii. 

A linearly ordered set I is a rooted tree if I has a unique minimal element, i.e. there exists OgI 
such that 0<i for all iGl. 

If / is a linearly ordered set, let I be the subset of the non-minimal elements of /. For every /iG/, 
denote hy Lh(z I the largest element of / which is smaller than h. Suppose /= |J 1^ is the splitting 

of / into rooted trees such that k is the minimal element of I^- If 1 /, we define the linearly 
ordered set I+fcl to be the set I + l with all partial-order relations of I along with the relations 
k<i and i</i if /iG/fc. 

If is a (possibly singular) complex curve and M is a finite set, a ¥^ -valued bubble map with 
M-marked points is a tuple 

b = {S,M,r,x, {j,y),u), 
where / is a linearly ordered set, and 

x:i — >SUS^, j:M — >I, y: M — >SUS^, and u: I — .C°°(5; P") U C°°(S2; P") 

are maps such that 

^/52-{oo}, ifihei; ^js^-{oo}, ifj/G/; ^ j C^iS^;F^), ifiG/; 

Xh € < ^i/;G< ^ Ui £ < 

\S, iiih^I; \S, iiji^I; \C-(5;P"), ifi^I; 

and Uh{oo) = u^^{xh) for all h^I. We associate such a tuple with Riemann surface 

|Ji;biW~, where S^^i = i ^ ' ^^J^^Jf and {h, 00) {Lh,Xh) yhel, 
ifzj [ 1*1 ^ '-'5 if i ^ i , 

with marked points {ji,yi) € ^b,ji, and continuous map : — > P", given by = Ui for 

all lE/. We require that all the singular points of and all the marked points be distinct. Fur- 
thermore, if /S' = /S'^, all these points are to be different from the special marked point (0, oo)GSj^g. 
In addition, if St^j = 5^ and t(i*[S'^] = G i/2(P"; ^), then S^^j must contain at least two singular 
and/or marked points of Sfe other than (i,oo). If 5 / S'^, but S is unstable, Ui must satisfy a 
similar stability condition whenever = S. In particular, if S" is a torus or a circle of spheres 
and the restriction of Ui to a component Sh of S is homologically zero, contains at least one 
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marked point of S5. Two bubble maps b and b' are equivalent if there exists a homeomorphism 
(p : Sft — > Sfo/ such that ti;, = tt^'O ^, (p{ji,yi) = {j'i-,y'i) for all ^gM and ^|s(, ^ is holomorphic for 
all iel. 



The general structure of bubble maps is described by tuples T={S, M, I; j, d), with di^Z specifying 
the degree of the map ui on S^.j. We call such tuples bubble types. Bubble type T is simple if / 
is a rooted tree; T is basic if / = and dj / for all i G /; T is semiprimitive if i/^ ^ /, =0, 
and d/i 7^ 0, for all h e I. The above equivalence relation on the set of bubble maps induces an 
equivalence relation on the set of bubble types. For each h,iEl, let 

DiT = {hei:i<h}, DiT = DiTU{i}, HiT = {hel : th = i}, MiT = {leM : ji = i}, 

'0, ifyiel s.t. heDiT,di = 0; 
XTh=ll, if dhj^O, hut\/iel s.t. heDiT,di = 0; xC^) = {hel ■ XTh = l}. 
2, otherwise; 

Denote by Ht the space of all holomorphic bubble maps with structure T. 

The automorphism group of every bubble type T we encounter in the next two sections is trivial. 
Thus, every bubble type discussed below is presumed to be automorphism-free. 

If 5 is a circle of spheres, we denote by Mr the set of equivalence classes of bubble maps in Hr- 
For each bubble type T = {S'^,M,r,j,d), let 

Ur = {[b]- b= {S'^,M,r,x, {j,y),u) eTCr, Wii(oo) = 1*12(00) Vii,i2G/-/}. 

Then there exists Bj- C TIt such that Ut is the quotient of a subset Bq- of TCj- by a G-r^iS^)^- 
action. Denote by u!f^ the quotient of Bj- by GT={S^y dGq-. Then Ut is the quotient oiU^^ 
by the residual G^ = {S^Y~^ C Gq- action. Corresponding to these quotients, we obtain line 
orbi-bundles (LjT — >Ur'- iG/}. Let 

j^T = ^Fhr ^Ur, where J^h^ = L^T ^ L^T. 

hei 

Denote by J^T the open subset of J^T consisting of vectors with all components nonzero. 

Gromov topology on the space of equivalence classes of bubble maps induces a partial ordering on 
the set of bubble types and their equivalence classes such that the spaces 



uP = (J U^} and Ut= [j Ut' 



r'<T T'<r 



are compact and Hausdorff. The G^-- action on extends to an action on , and thus the 
line orbi-bundles LiT — yUq- with iGl — I extend over Ut- These bundles can be identified with 
the universal tangent line bundles for appropriate sections of the universal bundle over Ut- The 
evaluation maps 

eviiHr^^'', eYi{{S,M,I;x,{j,y),u)) =Uj^{yi), 
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descend to all the quotients and induce continuous maps on Ut andU^\ If = fJ-M is an M-tuple 
of subvarieties of P"", let 

Mrif^) = {beMr:eYi{b)efii V/gM} 
and define spaces UTifJ-), Ur[^j), etc. in a similar way. If 5 = 5^, we define another evaluation map, 



ev: Br 



by ev((5^,M,/;x, = Uo(oo), 



where is any minimal element of /. This map descends to lA^"^ and Uq-. If fi = ^£j is an M-tuple 
of constraints, let 

Urifi) = {beUr: evi{b)efii V/eMnM, ev{b)e^ii yieM-M} 
and define U^\^), etc. similarly. 

Suppose T = {S'^,M,r,j,d) is a bubble type, k^I — I, and Mq is nonempty subset of M^^T . Let 

r/Mo = {S\l,M-M^-j\{M-M^),d)- 
Define T{Mo) = {S\M,I +u hj',d^) by 



Ji 



k, if I e Mo; 
i, if/GMfcT-Mo; 
^j;, otherwise; 



4 



0, if i = A;; 
dk, ifz = i; 
^di, otherwise. 



The tuples T/Mq and T{Mq) are bubble types as long as dk^O or Mq^M^T. Then, 



(2.2) 



where Mq ^i^^Mo denotes the Deligne-Mumford moduli space of rational curves with ({0, 1} + Mq)- 
marked points. If T is a basic bubble type, let 

c^iClT) ^ ci{LlT) - Yl PDuri,)[l^nM,M(^H^Urifi)). (2.3) 



This cohomology class is well-defined; see Subsection 5.2 in [Z2]. 

We are now ready to explain the claim of Theorem Let n, d, N and ^ be as in the statement 
of the theorem. If fc> 1 and m>l, denote by Vfc,m(/u) the disjoint union of the spaces Z^r(A') taken 
over equivalence classes of basic bubble types T = (5^, [N]— Mq, 1; j, d) with |Mo|=m, \I\ = k, and 
Y^dk = d. Let Vfc(^) = Va;,o(/^)- We define the spaces Vk^mifJ-) similarly. Let 

{ ci {£* ):te[k]},{ci{L*):ie[k]} CH^ {Vk,m (/x) ; z) 

be given by 

{ci{C*)\Ur{f^):ie[k]} = {ci{C*T):iel}, {ci(L*)|z:^r(/u) : [A:]} = {ci(L*r) : ie/}. 
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whenever T is as above. We denote by r]i,fii G iJ^' (Vfc^mCA*); ^) the sum of all degree-/ monomials 
in {ci(>C*): and in {ci(-L*): i€[A;]}, respectively. For example, 

m = elm) + 4{Cl) + ci{Cl)ci{C*2) G H\Vk,M;Z). 
Finally, let a = ev*ci(7p„) G -ff^(Vfc^m(/^); ^) i where 7pn — ^P"' denotes the tautological line bundle. 
We next describe a generalization of the splitting (2.2) which is used in computations in Section 0. 



If T =(5'2,I, [N]-Mo;j,d) is a bubble type, let 

T={SM[N]-Mo;j\i[N]-Mo),d\Pi, where I = I -{ie I- 1 : d, = 0} , Mq = Mq U |J M.T. 

iei-I 

Note that if T is semiprimitive, T is basic. Furthermore, 

^r(/x) = Yl Mo,H,r+M,T X Urifi), (2.4) 
iel-T 

Urili) = n Mo,Ha+Kur x %(/"), (2-5) 

where M.Q^H^T+MiT denotes the main stratum of Ma^HiT+Ahr- If i G I— I, by definition, the bundle 
LjT — ^Uq-ip,) is the pullback by the projection map of the bundle 

L^T^^^^ Mo,Ha+M,r = Ur.(o) > ^^ere T^'^^ = {S^ H,T+M,T, {6}; 6, 0) . 

i 

We call the latter bundle the tautological line bundle over Mo^n^r+hhT- This is the universal tan- 
gent line at the marked point € Mo^HiT+MiT ■ 

Finally, if X is any space, F — >X is a normed vector bundle, and S: X — >M is any function, let 

Fs = {{b,v)£F: \v\b<6{b)}. 

Similarly, if is a subset of F, let = Fs CiQ. If f = (6, v) G F, denote by 6„ the image of v under 
the bundle projection map, i.e. b in this case. 

2.3 A Structural Description 

We now describe the structure of the spaces Vfc,m(/^) and the behavior of certain bundle sections 
over Vk^mifJ') near the boundary strata. 

Iib={S^,MJ;x,{j,y),u) £)3r and k£l, let 

Vr^kb = dukl^eoo- 

If T* is a basic bubble type, the maps I'r.fc with T <T* and k^I—I induce a continuous section 
of ev*rP" over u!^} and a continuous section of the bundle L^T*(8)ev*rP" over Ut*, described by 

'DT*,k[b,Ck] = Ck'Dr,kb, if b£u!^\ CfcGC. 



12 



Proposition 2.7 Suppose p> 2, n>2, d>l, N >1, ^ = (/ii, . . . , /i^v) is an N -tuple of proper 
subvarieties of in general position, such that 



l=N 



codimcfi = codiuKc^i — N = d{n + 1) — 1, 



1=1 



and Mo is a subset of [N]. IfT*={S'^, [N]-Mo, I*; j* ,d*) is a basic bubble type such that Y^d* = d, 
the space Z^7-*(/i) is an ms-manifold of (real) dimension 2(n + 1 — 2j/* | — |Mo|) and L^T* for 
k e I* and ev*T¥"' are ms-bundles over Ut*{ij-)- If T = (5'^, [^] - Afo, -f; j,^) < T* , there exist 
5,C (zC°° (IA'x{ijl);M.'^^ and a homeomorphism 

7^: J^Ts — > Ur^ifJ-), 

onto an open neighborhood of Uq-ip-) in lil'r*{fi) such that ^i^\U'r{lj) is the identity and jt^lJ^Tg 
is an orientation-preserving diffeomorphism onto an open subset of IA't{^). Furthermore, with 
appropriate identifications, 

'Dr*,klri'^) - ar,k{pT{v))\^<C{h^)\v\p\pr{v)\ "iv^TT^, where 
PT{v) = {{vh)h(,x{T)) ^^'^ = ® LhT<^LlT; Vh = ®v,- h^^I-I, h^Di^T 

aT,k{ivh)hex{r)) = ^ T^r,hVh, 
and IkCl is the rooted tree containing k. 

This is a special case of Theorem 2.8 in |Z2]; see also the remark following the theorem. The 
dimension of Uq-* (p) is obtained as follows: 

JdimZYr*(/x) = dimcUr*{p) = ^ {di{n+l) + n - 2) - {\r\ - l)n - (codimc/i + |Mo|) 

= n + 1 - 2\r\ - \Mo\. 

The analytic estimate on Pt-./c is crucial for implementation of the topological tools of Sub- 
section 2.1 in Subsection |3.1|. If T is semiprimitive, the bundle J-T = TT and the section 



OCT = aq-opr extend over Ur{p) via the decomposition (|2.5|) . In terms of the notions of Subsec- 
tion O, (J^T, TT-F^T, 7^) is a normal-bundle model for L(t{p) C Ut*{p)- This normal-bundle 
model admits a closure if T is semiprimitive. Note that J^T is not usually the normal bundle of 
Ur{p) 'va.Ur*{p) if both spaces are viewed as algebraic stacks; see [ p^ ]. Proposition implies only 
that the restrictions to hl'r{p) of TT and of the normal bundle of U-rip) in ^T* (p) are isomorphic 
as topological vector bundles. 

For any /c,m € Z, we define bundle -Efc^m — ^ ^k,m{p) and homomorphism ak^m- Ek,m — >ev*TP" 
over Vk,m{p) by 

Ek,m\Ur*{p) = ^LiT*, ak,m{ivi)i€i*) = T^r*,iVi, 

iel* 

whenever T* = (5^, [N] — Mq, I*; j* , d*) is a basic bubble type such that X^d* = d, = k, and 
I-MqI = m. The following lemma will be used in Section |^. 
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Lemma 2.8 Suppose n> 2, d>l, N>1, and ^ = (/ii,... ,/iAr) is an N -tuple of proper subvarieties 
0/ P" in general position such that codim£fi = d{n + l) — l. If T = {S'^ ,[N]— Mq, I; j, d) is a bubble 
type such thatUritJ')cVk,mifJ'), I'he restriction of Uk^m to the subbundle 

ET^ = C Ek,m 

is nondegenerate over Uq-^fj,). 

Proof: The hnear map Ok^m has full rank on ET-^ over hlq-{ix) if and only if the section 

{ak,m\ET^]' G r(PST^|Z^r(/u);7^;r^®ev*rP'^) 

has no zeros. Note that 

dimcP^T^|^/T(Ai) < dime Vk{p) + {k - 1) = n - k < n. 

Thus, it is enough to show that \^ak,m\ET-^y is transversal to the zero set in FET^lUTifJ-) if the 
constraints // are in general position. This last fact is immediate from Lemma 2.9 . 

Lemma 2.9 Ifu: 5^ — >¥"' is a holomorphic map of positive degree and Coo^TooS'^ is a nonzero 
vector, the linear maps 

HliS^;u*TF^) T„(^)P", ^ ^ ^(oo), 

{CGi/^(5';u*rp"):e(oo)=o} ^r,(^)P", e^Ve^e, 

are onto. 



This lemma is well-known; see Corollary 6.3 in [Z2| for example. 



3 Computations 

3.1 Topology 

In this section, we prove 

Proposition 3.1 Suppose n>2, d>l, and /i = (/ii,... , ^j-n) is an N -tuple of proper subvarieties 
of P" in general position such that 

l=N 

codimcn = codimcni — N = d{n + 1) — 1. 
1=1 

Then the number of degree-d genus-one curves that have a fixed generic complex structure on the 
normalization and pass through the constraints fi is given by 

= ^(^^i,<i(m;^2, • • • ,fiN) - CRiifi)), where 

2fe<n+l n+l-2k ^ ^ 

k=l 1=0 ^ ^ 



14 



We use the topological tools of Subsection 2.1 and the analytic estimate of Proposition 2.7 to 



deduce Proposition from Proposition 3.2. The main step is Lemma 3.3; the rest of this section 
is essentially combinatorics. 

Proposition 3.2 Suppose n>2, d>l, and /i = (/ii,... i^n) is an N -tuple of proper suhvarieties 
of in general position such that codimicij, = d{n + l) — 1. Then the number of degree-d genus- 
one curves that have a fixed generic complex structure on the normalization and pass through the 
constraints /u is given by 

n'i,d{fJ.) = ^{RTi^d{lJ'i;fi2,---,fJ'N)-CRi{fi)), where Ciii(/x) = iV(ai,o), 
i.e. Ci?i(/i) is the number of zeros of the affine map 

V'ai.o.p: Eifi = Li — > ev*TF"-, tpa^ oA'") = ^« + "i,o(i^), 
over Vi(^) for a generic section ^'Gr(Vi(/i); eu*TP"') . 



Proposition 3.2 is basically the main result of the analytic part of M. The exact statement is not 



made in |g] , but it can be deduced from the arguments in ^ by comparing with the methods of |Z2] 



The general meaning of Proposition is the following. The number RTi_rf(/xi; /X2, • • • , /^Af) can 
be viewed as the "euler class" of a bundle T^'^ over a closure C°° of the space C°° of smooth maps 



from a fixed elliptic curve that pass through the constraints /ii, . . . ,^Ar; see |LT|. Then 



2ni,rf(//) = |a-i(0)nC°°| =RTi,rf(//i;^2,... - J]C^^(;.)(5), (3.1) 

where {A^t(a*)} are complex finite-dimensional, usually non-compact, manifolds that stratify 
9~^(0) n {C°° — C°°). Equation (|3.1| ) is an infinite-dimensional analogue of (2) of Proposition ( 12.4]) . 
In the finite-dimensional case, computation of a contribution to the euler class from an s-regular 
stratum Z of the zero set of section s reduces to counting the zeros of a polynomial map be- 
tween finite-rank vector bundles over Z, unless Z is s-hoUow. The goal in the infinite-dimensional 
case under consideration is a reduction to the same problem and involves an adoption of the 
obstruction-bundle idea of It turns out that C_A/f^(^)(5) = for all but one stratum Mril^) 
of 9~^(0) n ((7°° — C°°). The number CRi{^) described by Proposition ^]2| is the contribution 
C_A4^(^)(9) from the only stratum M.r{fi) of 9~-'^(0) n ((7°°— C°°) that does contribute to the "euler 
class" RTi,d(^i;/U2,... ,/XAr) of r°'^ 



As Subsection |2^ suggests, computation of A^(qi^o) ™ay require going through a possibly large 
tree of steps. We construct this tree as follows. Each node is a tuple a = {r]k,m](j)), where r>0 is 
the distance to the root do = (0; 1,0;-), k> 1, and m > 0. The tree satisfies the following properties. 
If r > and a* = {r—l;k*,m*;4>*) is the node from which a is directly descendent, we require 
that k* < k, m* < m, and at least one of the inequalities is strict. Furthermore, (j) specifies a 
splitting of the set [k] into /c*-disjoint subsets and an assignment of m — m* of the elements of the 
set [m] = { (1, 1), . . . ,(l,m)| to these subsets. This description inductively constructs an infinite 
tree. However, we will need to consider only the nodes a = {r\k,m;(j)) with 2k+m<n+l. We will 
write a\-a' to indicate that a is directly descendent from a' . 
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For each node in the above tree, we now define a Unear map between vector bundles over an ms- 
manifold. If 0" = (r; /c, m; 0), let {as = {s; ks,ms; (ps) '■ 0<s <r} be the sequence of nodes such that 
(Tr = (T and cTsl~o"s_i for all s>0. Put 

where 3^. = 3^a,o = {p*}, 3^.,. = IPi^a, x3^,,,_i if s>0, 

-^a = n -^o,i+0-iW' = — ' 

For the purposes of the last line above, we view as a map from [k] — [k*] and a subset of [m] 
to [k*] in the notation of the previous paragraph. Then, 70-;, — ^■^o,j+0-i(j) is the tautological line 



bundle; see Subsection 2.2. Denote by 'Jf^o (trivial) line bundle over 3^o-,o- Let 



where Pg-^s G r(<Yo-^s; Hom(7ir^^ , is a generic section. Since ks^i<ks, ms-i<ms, and one of 

the inequalities is strict, 



1 1 

- dimAfo-,s < - dim A^CT = (n+1 — 2fc— m) + (|lm(?!)s| — l) = n — /c — r < rkOo 



,0 - r. 



s=l 



Thus, we see inductively that each bundle Oq-^s is well-defined and a generic section i/g- of 
Hom(7i?^^, does not vanish. Let tTct: ev*TP" — >Oa be the projection map. We define 

a,^ e r(A'^;Hom(7>^®K;7F<.«'C'^))> by {aa{T<»v)}{w) = t{w) ■ ■K^a^iv) e 0„. 

Note that ao-o=ai,o- 

Lemma 3.3 For every node a* , 

aha* 

Remark: For a dense open subset of tuples {i^a,s}, the corresponding linear map constructed 
above is regular and N{a^) is independent of the choice of {i^a,s}- What we need is that for every 
bubble type T such that UTifJ-) CVkr,mrit^) the intersection of the image of the linear map 

ar G r(:^,x^/T(^);Hom( L^T, ev*rP")) , ar(f) = 
with the subbundle 

Im I'^fl® ...(£) Im i?^^r-i C 0^,0 = ev*rP" 

is {0}. The fact that this condition is satisfied for a dense open subset of tuples {i'a,s} follows by 
a dimension count as above, along with an argument similar to the proof of Lemma 3.10 in |Z^. 



Proof of Lemma (1) By Lemma p.5| , 

N{a^,) = <c(7>^,0a.)c(7i.0£;..)~\ [X,,]) - C^^,-i^,^{a,J^) . (3.2) 
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Let a* = (r*; k*,m*; cfi*). By Lemma |2.8|, Oo-*' ^(0) is the union of the sets 



= y^, X (WET'^ - [j FET-^'j , where E-^T = L,T — > Urifi), 

ieJ 

taken over non-basic bubble types T = (S^, [A^] — Mo,I;j,d), with |/ — i| = k*, \Mo\ = m*, and 
^di = d, and nonempty subsets J of I —I —x{T)- 

(2) The map 7^ of Proposition 2/7 induces an orientation-preserving homeomorphism between 
open neighborhoods of Zq- in 

and in J^o-* xPE^g-*- Furthermore, for some (5, C G C°°(^^; M^), with appropriate identifications, 
|a;,(7i^(6;i;,n)) -ai^(pi^(6;i;,n))| <C(6)|i;|^|pi^(6;u,^z)| V(r;, ^z) G AAZf 5, (3.3) 



where pi^ : NZ^^ — > MZ:^ = MhZ^, 



LlT®LuT, ifhel,~ih^J; J , . 

^ ^^j^Lfi-i , otherwise; 



if heijLfi^ J; 



{Uh iihex{T)-I; 



ai^ G r(^2:^;Hom(A/'^^,Hom(7>_^, 



+ VT,i{uiv) + {ar,i(/or'y)}('Ui'y)) G 0(7*- 

i&x{r)-i i&i-i-x{r)-.j 



Above pT-h denotes the hih. component of pT, i.e. Vh in the notation of Proposition ^J. Note that 
the section is well-defined. By Lemma 2.8 and the splitting ( |2.4| ), possibly applied several 
times, vr^ ^ o has full rank on every fiber of MZ^-, provided the sections {j^o-.s : < s < r*| are 
generic. Then by (|3.3D , 



\^i,°(^'aAlZrib-,v,u)) - 7,^^,0 ai^{pi^{h-v,u))\<C{^^^^^ (3.4) 

for all {v, u) ^MZq-^^. Thus, vr^^ o is the resolvent for 72^(vr^, o a^, ); see Definition |2]^. If T 
is not semiprimitive or Jy^I—I—xC^), the rank ofAfZj- is less than the rank oiMZ^-. It follows 
that is vr,^ o d'* -hollow and 

^^^('^o'*^) ~ if T is not semiprimitive or J / I—i—x{T) (3-5) 

by Proposition 



(3) On the other hand, by the analytic estimate (p^), Proposition |2.4 and the splitting (|2.5D , 

C^j (oo-'''") = A^(aCT*,T) if T is semiprimitive and J = /—/—x('^), (3-6) 
where a^.,r G r(3^,,,r xZ^^(/i); Hom(A/'Z,,,r, 7Er®0<7',r)) , J^<x*,r = 3^a* xP^T, 
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iei iGx{r)-/ 

'jT-i — > M.o,H^T+MiT is the tautological line bundle, and T[a*,T'- ev*rP"' — >0(j*,t is the quotient 
projection map. We next observe that 

iVK-,r) = A^K-.r), where (3.7) 
a<T*,r e r(3^^.,r xZ^7-(/i);Hom(7^^(g)£;A;,m,,7l;r<^C'<T*,r)), 

A: = |xCr)| = |7j, 7Ti = m*+ ^ [MjTI and {a<7*,r(T<8)f )} (tf) = t(i(;) • 7r^*_rafc,m(^^)- 

ie/-x(r) 

The reason for the equality ( |3.7| ) is the following. For a generic S'€r(3^o-*,r xZ^r(/^)!7|;r®^o"*.^)' 
the affine maps 

V'a<,.,r.i^ = ^+"<^':^- -^^<^':^ — >7l;r'^C'fT*,r and ipa^,^^,u = i'+a^,^r-- l*Er®Ek,m — >l*Er®^(T*,T 

have no zeros over the complement of Z^-, since it is a finite union of smooth manifolds of dimension 
less than that of Z^-. There is a canonical identification of the line bundle j'^q- with each line 
bundle jt-,! over Z:^-. This identification induces a bijection between the zeros of the two affine 
maps that lie over Z^-. The identity ( |3.7D follows from this argument along with 

N{a^,,r)=^ka',_^,p{0)\ and A^(a..,r) =^ |^^^l^^,p(0)| . 

(4) From equations (|3.2D , (|3.5D , (|3.6|) , and (^), we conclude that that 

iV(a<,*) = (c(7>^.^a.)c(7>^.0i?,*)"\[^<,.]>- ^ ^ iV(a..,r) 

{k,m)>{k*,m*) \x{T)\=k, Yl \MiT\=m-m* 
crhfj* 

The inner sum on the first line above is taken over all equivalence classes of semiprimitive bub- 
ble types T={S'^,N — MQ,I;j,d) such that |/ — /| = k*, \Mo\ = m*, and Yl^^i = d. Condition 
{k,m)> (k* ,171*) means that k>k, m>m* and one of the inequalities is strict. 

Lemma 3.4 For every node a={r; k,m; (p) and positive integer s<r—l, 

where {(Tg} is the sequence corresponding to a defined in the paragraph preceding Lemma [3.4 
Proof: Since Oa,s+i^Oa,s/lF^^, 

dim A'ct.s 

{C(a,.+i)^(^^)"'}dim^.,.= E E %/'^(^-.^){^(^-)"'}am^.,.-2r (3-8) 

1=0 h+l2=l 
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By construction, Xp,^ eH*{FF^J, while c{0^^s),c{E„)eH*{X^^s-i)- Thus, (g^) gives 

dim A'o-.s 

f dimXa.s-2l 



(3.9) 



1=0 

where tt-o- = dim PFq-^ . By ( ^ ) , 

<AX'[P^^J> = (K^^J"\[-^<xJ>= n (^(7..;^)"''[H,.+<^.-»]> = l- (3-10) 



The last identity is a consequence of (1) of Lemma 3.11. The claim follows from ( |3.8D -( ^30 ). 
Corollary 3.5 For every node a = {r\k,m](j)), 

{c{^*p^®0„)c[^*p^®E^)-\ [X„]) = {c{ev*TF'')c{Ek,rnr\ [Vk,M])- 
Proof: Since rk Co- = rk i^o- + ^ dim,^CT, we can identify E^ with a subbundle of O^- Then, 

dim Xcr 



(3.12) 



Similarly to the proof of Lemma |3.4| , ( |3.11| ) gives 

{c{-/*p^®0^)c{-f*p^®E^)'\ [Xa\) = {c{0^)c{E^y\ [X^,r-l\) 

= {c{0^,r)c{E^y\['^cr,r-l]). 

Applying Lemma |3.4| to the last expression in ( |3.12| ) and using ~ (ev*TP")/C, we obtain 
(c(7>,0a)c(7F.^^<x)"',[^<x]> = {c{0^,i)c{E^y\[X^,o\) = (c(ev*rF")c(^fe,„)-\[Vfc,™(/i)]>. 



We now combine Lemma 3.3 and Corollary to obtain a topological formula for the num- 



ber A^(q;i^o)- For any integers k and k*, let 0^* denote the number of ways of splitting a set 
of A;*-elements into k nonempty subsets. For every pair (k*,m*) > (1,0) of integers, we define 
Q{k*,m*) inductively by 

6(1,0) = 1, Q{k*,m*) = - f"^*V'"*-"e|.e(A:,m) if (F , m*) > (1, 0). (3.13) 

{l,0)<{k,m)<{k* ,Tn*y- ^ ^ 

Corollary 3.6 With notation as above, 

n+l-{2k+m) . . 

[Vk,M])- 

(l,0)<(fc,m) 1=0 ^ ^ 
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Proof: By Lemma |3.3| and Corollary 



A^(ai,o) = Ar(<) = Yl Qik,m){ciev*TF^)c{Ek,mr\[Vk,M]). (3.14) 

(l,0)<(fc,m) 

Since Ek,m = 

i=k i=k oo oo 



1=1 1=1 1=0 1=0 



c{E,,mr' = n i^ + ciiU))-' = nE^i(^*) = (3.15) 



The last equality above is immediate from the definition of t//; see Subsection p.2| . The claim follows 
from (|1|) and ( ^Isj) , along with c(ev*TP") = (l + a)"+i. 

3.2 Combinatorics 

In this subsection, we show that the topological expression for A^(ai^o) given in Corollary |3.6| is 
the same as the topological expression for Ci?i(/u) given in Proposition |3.li This fact is immediate 
from Corollary 3.1[1| . We start by proving an explicit formula for the numbers Q{k,m). 

Lemma 3.7 // (A:, m) > (1, 0), e{k,m) = {-l)''+"'-^k"'{k-l)l. 



(1) We first start verify this formula in the case k = 1. By (3.13), 

m* — 1 ^ ^\ 

6(1,0) = 1, e(l,m*) = - ^ ("^ je(l,m) if m*>(l,0). (3.16) 

m=0 V / 

We need to show that 0(1, m) = (—1)™. If m = 0, this is the case. Suppose m* > 1 and 
e(l,m) = (-l)" for all m<m*. Then, by (|3l^ ), 



m* — 1 / ^\ m / ^\ 

G(i,m*) = - E = - E ) (-1)" + (-ir* = -(i-i)™'+(-i)'"* =(-1)"^: 

m=0 ^ ^ m=0 ^ ^ 

as needed. 

(2) We now verify the formula in the general case. It is easy to see from the definition of in 
the previous subsection that 

dl = \ if A: > 1 and 0^. = kel,_^ + B\-\ if A: > 2. (3.17) 

Suppose k* >2 and the claimed formula holds for all {k^m) with (1,0) < [k^m) < (k*,m*). Then 
by (ra ), 

e(r,m*) = - J2 ('^*\"'*-"'9''^.e{k,m) 

(i,o)<(fc,m)<{fc*,m*r ^ 

(3.18) 

= fc-' (_i)^'+-p j^|.(fc_l)! 

(l,0)<(fc,m)<(fc*,m*) ^ ^ 
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Using ( p.lTI ), we obtain 



{l,0)<(k,m)<(k*,m*) 



^ (-i)'=+-r j^,^(^-i)!= (-1) 



k+m 



( 



{l,0)<{k,m)<(k* ,m') 



m 

y m 



m*-l 



m=0 



E(-ir ^ + (3.19) 

=0 ^ ^ fc=l 

+ (-ir* j;(-i)'^K-ifc! + 9',7\{k-iy.). 



k=l 



Note that 

fc* 



k*-l 



^(-l)^(e,\_iA:! + 0,V_\(fe-l)!) = J](-l)^0,^_iA;!- ^(-l)^0,^_iA;! = O; (3.20) 

fc=l A:=l fc=0 

!c*-l fc*-2 

5^(-l)^(e,^_iA;!+0^r_\(fc-l)!) = ^(-i)'=0,^_^fc!- ^(-i)'=0,^_^fc! = (-l)'=*-i(r-l)!, 



fe=i 



A:=l 



fc=0 



since c^,_]^ = 0, c^,_} = l, and c^,_^ = if A;* > 1. Combining equations ( 3.18| )- (|3.2C| ), we verify the 
claimed identity for (k, m) = {k* , m*) . 

We next need to relate the intersection numbers a^fjii and a'ry;/. We break the computation into 
several steps. 

Lemma 3.8 Suppose T={S'^, M, I]j,d) is a basic bubble type, iEl, and Mi<zMiT . Then, under 
the splitting (^Jj, with f = T /Mi, 



ci{L*,T)\Ur(M,){lj) 



ifi' = i; 



lxci(L*,T), ifi'^i; 



Proof: The first identity and the case i' ^ioi the second identity are immediate from the definitions. 
In the remaining case, by (^]^), we have 

ci(A*T)|Z^r(Af,)(^) = c^{^T)\Ur(M,){^,) - P%r(M)^r(Af;)(M)|Z^r(Af.)(^)- (3-21) 
By definition of the spaces, 

'0, if Af; ^ Mi and Mi (/L M[ ; 

\^^^Ur(p.)^nM'-M,M. if M,^M/; (3.22) 



PD; 



P%ro^ro(Af,-Af;)Xl, if m;£M,. 



where 7^) = (S^, i + M^, {i}; i, 0), i.e. Z^tj, = >lo,i+A/,- Plugging ( ^l22|) , (2) of Lemma |3l|, and the 
case i! = i of the first statement of this lemma into (3.21), we obtain the remaining claim. 



Corollary 3.9 For allk>\, m>0, and l>0, 



(a'^n+l-(2A,-+m)-h [VA:,m(/^)] ) = ^ 



m* >m 



m 



[Vk,m'- (Z^)])- 
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Proof: Let T= (S^, [A^]—Mo, /; be a basic bubble type such that \I\ = k, |Mo| = m, and ^ = d. 
By Lemma |3.8| and (1) of Lemma ^.11 , 



(a'??„+i-(2fc+m)-/, [^^t(^)]) = ^ {a^Vn+i~(2k+\M*\)-i,[i^r/M*{fJ')]), (3.23) 

MoCM^dN] 

where T/Mq={S'^, [N]—MQ,I;j,d). The claim is obtained by summing ( |3.23| ) over all equivalence 
classes of bubble types T of the above form. 

Corollary 3.10 For all k>l and l>0, 

eik,m){a^fj^+i_^2k+m)-h [Vk,M]) = (-l)''"^(fc-l)!(«^n+i-2fc~i, [Vfe(/^)]>- 

m>0 



m>0 



Proof: By Lemma |3.7| and Corollary p.9| , 

e{k,m){a^fi^^i_^2k+m)-h [Vfc,m(/x)]> 

= (_l)fc-i(fc_l)!^ Y (-ir('^*V™*(aWi-(2fc+m*)-z,[Vfc,™*(/^)]> 

m>0 m*>m 

m*>0 ^ m<m* ^ 

= i-l)>'-\k-iy.{a'r]n+i-2k-l, [Vm(/u)]), 



since 



m<m* 



m 



(-1)™ fc™* = (1 - 1)™* =0 if mV 0. 



Lemma 3.11 (1) If J is a finite set of cardinality at least two, (c^"^' ^(7}), [A^o,j]) = 1? where 
7j — >A^o,J 'is the tautological line bundle. 

(2) If T = {S'^,M,I;j,d) is a basic bubble type, i£l, and Mi is nonempty subset of MiT , under 



the splitting ( \2.3J 



PDrj,M' 



where Tq = (52, i + M^, {i}; i, 0) andT = T /Mi. 

Proof: (1) Both statements are straightforward consequences of well-known facts in algebraic ge- 



ometry; see [P2|. In our notation, A^o,J is the Deligne-Mumford moduli space of rational curves 



with points marked by the set {0}-|-J and 01(7}) = V'o- Thus, li ji,j2^J and ji^j2, 

ci(7})=V'o= Y ^^Ur.^ToiJ'), (3.24) 

07^J'CJ-{ii,i2} 
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where To = (5^, J, {i}; i, 0). Since 01(7}) =ci(7*,^j) under the decomposition ( |2.2| ), the first 

claim of the lemma follows from ( |3.24| ). 

(2) Equation ( p. 24]) implies that for any 1 G J, 

ci{l*j)+^l= E P%ro^To(J')- (3-25) 

0^j'£j-{i} 

If T, i, and Mj are as in (2) of the lemma, under the splitting (^.2|), 

^^ltr{|^)^r{M,){^J)\Ur{^u){^J) = -V'i x 1 - 1 x^q. (3.26) 

The second claim of the lemma follows from (|3.25| ), applied with J = {l} + Mj, and (3.26), since 
lxV'o = lxci(LiT). 

4 Comparison of n'p{ii) and ni^rf(/i) 

4.1 Summary 

In this section, we prove 

Proposition 4.1 Suppose n > 2, d > 1, and /i = (/ii,... ,/iAr) is an N -tuple of proper linear 
subspaces ofV^ in general position such that codim£fi = d{n+l) — l. Then 

n-d\lj) = ni,din). 



Denote by 97ti,i the Deligne-Mumford moduli space of stable genus-one curves with one marked 
point and by DJli^i the main stratum of Tli^i, i.e. the complement of the point 00 in The 
elements of 9Jli^i parameterize (equivalence classes of) smooth genus-one curves with one marked 
point. The point 00 G QJli^i corresponds to a sphere with one marked point and with two other 
points identified. 

Denote by M = Mi,Ar (P", d) the moduh space of stable degree-d maps from A^-pointed genus-one 
curves to P". Let 

m{fi) = {bem-. evi{b)efii V/G[iV]}. 

We denote by vr : 9Jt — >97ti,i the forgetful functor sending each stable map b = [S, [N], I; x, {j, y),u\ 
to the one-marked curve [5", 1/1] and contracting all unstable components of {S,yi). The resulting 
complex curve is either a torus or a sphere with two points identified. For any cjGOHi^i, let 

If the j-invariant a is different from infinity, i.e. the stable curve corresponding to a is smooth, the 
cardinality of 9}Tcr(/u) is | Aut(C(j)| times the number of genus-one degree-d curves with j-invariant a 
that pass through the constraints fj,, i.e. 

|M,(^)| =2ni,rf(^). (4.1) 
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If {o'fc} COJti^i converges to cxd€9}Ii,i and bk £Tl(^^{fi), a subsequence of {bk} converges in 9Jl to 



some 6€9}Too(/u). It will be shown that Y^h is a sphere with two points identified; see Lemma 4.2 
and Corollary |4.5| . Conversely, for every 

b={S, [N],{d};,{d,y),u)eMM 
such that Sfe is a sphere with two points identified and for every ctGOKi^i sufficiently close to oo, 



there exists a unique stable map b{a) e9JIo-(^) close to b in Tl; see Lemma O, Since the number 
of stable maps 

b={S, [N],{6};,{6,y),u)emM 



such that Sfc is a sphere with two points identified is 2n^J\jj), Proposition 4J. follows from the two 



lemmas, the corollary, and equation (4.1 



4.2 Dimension Counts 

In this subsection, we show that if 

[b]=[S,[N],I;x,{j,y),u\ 



and UQ = Ub\S is not constant, then S;, = S is a sphere with two points identified; see Lemma 4.2. 
This lemma is proved by dimension counting. We then observe that for each such stable map b 
and every crGOJti^i sufficiently close to oo, there exists a unique stable map b{a) gOKo-(/u) close to b 
in 9Jt; see Lemma 



Lemma 4.2 // [b] = [S, [N], I; x, {j, y),u\ € Tlooifi) and ug = ui,\S is not constant, then Sb = 5 is 
a sphere with two points identified. 

Proof: Suppose T = (S, [N], r,j,d) is a simple bubble type such that 5" is a circle of k spheres, 
7^ 0, and '^di = d. Let U'T,d^ denote the subspace of lAq- such that the nonconstant restrictions 
of Ub to the components of S have degrees d^^, . . . , ^, for all bGUx^dg- We must have Yl^^d i — do- 
Then, the dimension of dim ZY-r^^ (/i) is given by 

k' 

(dQ;(n+l)+n-l) -nk' + Y^ (di(n+l)+n-2- (n- 1)) + (iV- (A;- A:'))) - (codimc/x+A^) 
'=1 iei 

= l-\k\- 



Thus, ZY-r(Ai)=0 unless k = l and / = 0, i.e. 'Eb = S is a sphere with two points identified. 

Lemma 4.3 For every [b] = [5, [N], {0}; , (0, y),u\ €9Jloo(/^) such that S is a sphere with two points 
identified, there exists neighborhood Ub of oo in 97li,i and Wb of b in 9Jti^Ar(P", d) such that 

n = 1 Vo-GC/f,-{oo}. 

Proof: Since d>l, 

H\S;ulT¥'') = (n+l)Fi(5;n^O(lpn)) = 0, (4.2) 
see Corollary 6.5 in [E2| for example. The lemma follows from (|4.2|) by standard arguments. 



A purely analytic proof can be found in [RT]. 
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4.3 A Property of Limits in 9Jli,jv(P", d) 

Suppose c9Jti^i converges to ooEOJti^i and 6fc€9Jlo-j. converges to 

[b]=[S,[N],I;x,{j,y),u] G Moo 

such that Ub\S is constant. In this subsection, we describe a condition such a hmit b must satisfy; 
see Lemma 4.4. This lemma is the key part of Section Its proof extends the argument of jPl[ | for 



the n = 2 case and makes use of the explicit notation described in Subsection We conclude by 
observing that no element of 9Jloo(/^) can satisfy this condition if the constraints fi are in general 
position. 

Lemma 4.4 Suppose 



[b] = [S,[N],I;x,{j,y),u] e [j Tl^nMr, 

o-6Srrti,i 

where T={S, [N], I; j,d) is a simple bubble type such that S is a circle of spheres and d^ = 0. Then 
the dimension of the linear span of the set ^duh\^eoo- h^xC^)} "^^ ^6ss than |x(T)|. 

Proof: (1) By the algebraic geometry definition of stable-map convergence, there exist 

(1) a one-parameter family of curves k : T — > A such that A is a neighborhood of in C, .F is 
a smooth space, K~^(0) = Sfe, and St = K~^(t) is a smooth genus-one curve for all tGA* = A — {0}; 
(ii) a holomorphic map u: T — s-P" such that u|«;~^(0) =nb. 

This family k: T — > A can be obtained from another family of curves Kg: Tq — > A that satisfies (i), 
except (0) = 5*, by a sequence of blowups at smooth points of the central fiber as we now describe. 
Choose an ordering -< of the set / consistent with its partial ordering. If /iG/, let 

/'^ = {iG/: i^/i}, = max /'^ if /iG/, jC') = U {/i}, M{K) = {l^{N\: ii<h] , 

b(h) = (5^M(/i),/W;x|/W,(i,y)|Af(/i),n[/W). 

Suppose h G I and we have constructed a one-parameter family of curves : Ti(^h) — * ^ that 
satisfies (i), except K^^^^(0) = Sj(j(/j)). Let Th be the blowup at the smooth point of {ih,Xh) 

of and let Kh.: Th — > A be the induced projection map. Choose coordinates {t,Wh) near 

{i'h,Xh)€^^i[h) such that <^^i(h) = 0, i.e. Wh is a coordinate in K~^l^^(t) for tGA sufficiently small. 
We define coordinates {t, Zh) on a neighborhood in J^f^ of the complement of the node of the new 
exceptional divisor by 

{t,Zh) > {t,Wh = tZh,[l,Zh]). 

For a good choice of the family : J^^ — > A, J^ = J^h* and ■7r = 7r/i*, where h* is the largest element 
of / with respect to the ordering -<. 

(2) Let ip £ H^{S;ws) be a nonzero differential, i.e. ip is a holomorphic (l,0)-form on the compo- 
nents of S, which has simple poles at the singular points of S with residues that add up to zero at 
each node. Then, for each h G HqT, there exists ah G C* such that 

V'l(o,ii;h) = ah{l + o{l))dwh. 
Thus, we can extend ■0 to a family of elements tpt ^ {^u ^J^t) such that 

i^\(t,Wh)=0'h{'i^ + o{l))dwh, with a/,GC*. (4.3) 
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If he I, let \h\ = \{iel: i<h}\. Denote by h the element of i^gT such that heDj^T. By (p^, we 
have 

^\{t,z,)=t^%X^ + o{lt))dzh, With a^eC*. (4.4) 

(3) Let Hi and H2 be any two hyperplanes in P" that intersect the image of Ub transversally and 
miss the image of the nodes of T,b. Then for ah t sufficiently small and i = l,2, 

u;\H,) = {z['lit),...,zl^ljc^t, where hjGl, zf^^it) = zf^^iO) + o{lt), (4.5) 
zj*^^ (0) G Sfe^/i, and ut = u\Tjt. Since J^^liji'^) Zj^\t) are linearly equivalent divisors in Sf, 

where each line integral is taken inside of an appropriate coordinate chart {t,Zh). Plugging (4.4) 
and (U) into 04. q) gives 

Let A; = min{|/i[ : /iGx('^)}; then A; = min{|/ij| : je [d]}. Thus, dividing equation (|4.7|) by t'^ and 
then taking the limit as t — >0, we conclude that 

(4) Equality ( ^ ) holds for a dense subset of pairs {Hi,H2). The consequences of this fact can be 
interpreted as follows. For each he I, let [uh,Vh] be homogeneous coordinates on such that 
Zh = Vh/uh- Each map n/^ corresponds to an (n + l)-tuple of homogeneous polynomials 



1=0 

Equality (|4.8| ) implies that there exists K eC such that 

E "/. ^t. =^ V[co,...,c.]GP". (4.9) 

On the other hand, Uh^ {00) =Uh^ {00) for all /ii, /12 £ x(^)- Thus, for all /ii, /12 £ x(^)) there exists 
^^/ii,/i2 eC*-{0} such that 

It follows that (|4.9| ) is equivalent to 

X] ahPh,i;dh-i = KPhi,i;dh^, i = 0,...,n. (4.10) 
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where hi is a fixed element of the set {/iG /: \h\ = k,dh^O~^ and a^eC*. It is straightforward to 
deduce from ( 4.10| ) that 

ahduh\^eao = 0- 

\h\=k,dh^O 

The lemma is now proved, since |/i S / : \h\ =k, d/j T^Oj Cx(^)- 
Corollary 4.5 Suppose 



[b] = [S,[N],I;x,{j,y),u] e \J 971, n 9Jtoo(/x). 

T/ien UftlS" is not constant. 
Proof: Suppose Ub\S is constant. Let 
i={iel:xri^0}ci, Mo=[jMiT, x = x\I, (j,y) = (i,y)| ([A^]-Mo), d = d\i, u = u\i; 

f={S^,[N]-Mo,i;j,d), b={SMN]-Mo,i;x,Cj,y),u). 
Then, T is a bubble type such that Y^di = d and di>0 for all iGl—I. The latter property implies 



that x{'^) = I~I- Furthermore, b^Uf{fi). By Lemma 4.4, the linear map 



does not have full rank at b. However, this is impossible by Lemma 
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